The behavior of a massive charged test Dirac field in the background of a Reissner-Nordström black hole is investigated. Especially, we obtain the frequencies of quasibound states by solving the Dirac equation numerically both in time and frequency domain. Our results suggest that although the absence of superradiance excludes the existence of stationary solutions for massive Dirac fields, it is still possible to find arbitrarily long-lived solutions.
I. INTRODUCTION
In classical general relativity, according to the no-hair conjecture [1, 2] , all asymptotically flat stationary black hole (BH) solutions can be completely characterized by only three parameters: mass, electric charge, and angular momentum. A perturbed BH will return to a stationary state and all other external fields will inevitably decay with time.
Although the no-hair conjecture forbids any nontrivial field distribution in BH spacetimes, it does not rule out the existence of dynamical solutions that decay very slowly [3] . In Refs. [3, 4] , Barranco et al. studied the evolution of massive scalar fields around a Schwarzschild BH and found configurations that can survive for a very long time, even for cosmological time scales. Zhou et al. further showed that such long-lived nontrivial distributions can be extended to Dirac fields [5] . These dynamical resonance solutions are basically described by the so-called quasibound states of massive fields in the BH spacetimes, which have attracted much attention in recent years [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . Recent studies have shown that these resonances will dominate the dynamics of the massive fields in BH spacetimes, and could affect the late time waveforms of the gravitational radiation [20] [21] [22] .
A common feature of the results in Refs. [3] [4] [5] is that the long-lived modes are obtained in the limit of smallmass coupling M µ ≪ 1, where M and µ are the masses of the BH and field, respectively. There is a simple physical explanation for this: smaller value of M µ corresponds to weaker gravitational attraction between the external field and BH, which implies that it takes a longer time for the BH to absorb the external fields around it. However, the small mass coupling requirement for long-lived field configurations is no longer necessary in at least two scenarios.
Firstly, massive bosonic fields in rotating BH spacetimes can form stationary clouds, which correspond to Secondly, for a massive charged scalar field on the Reissner-Nordström (RN) background, the decay rate of the field configuration could be extremely slow when M µ qQ [31, 32] , where q and Q are the charges of the field and BH, respectively. Although scalar fields on the RN background are subject to amplification by a charged version of superradiance, no stationary scalar modes exist, because the superradiance and quasibound state conditions are incompatible with each other in this case [33] [34] [35] .
The study of a Dirac test field in a black hole background is a subject of long-standing interest and the Dirac-Maxwell-(Einstein) system has been considered in a series of paper by Finster et. al., see e.g. [36, 37] . Among other things, these papers establish the absence of normalizable, time-periodic solutions in a RN background, together with the existence of solitonic solutions sustained by gravity effects.
In this paper, we shall consider a classical massive charged Dirac field propagating on the RN background and intend to work out whether long-lived Dirac configurations surrounding a RN BH exist. The organization of this paper is as follows. In Sec.II, the separation of variables procedure for massive Dirac fields around RN BHs is reviewed. Then, in Sec.III and Sec.IV, we compute the quasibound state solutions by solving the Dirac equation on the RN background in frequency and time domains, respectively. Finally, the paper ends up with a discussion and conclusion in Sec.V. Throughout the paper, we use natural units in which G = c = = 1.
II. MASSIVE DIRAC FIELDS AROUND REISSNER-NORDSTRÖM BLACK HOLES
A. The Dirac equation in Reissner-Nordström black hole spacetimes
We start by the Dirac equation in RN BH spacetime. The RN metric, in Boyer-Lindquist coordinates, is given by
where ∆ = r 2 −2M r+Q 2 . The electromagnetic potential of the charged black hole reads A µ = (−Q/r, 0, 0, 0). The RN BH has two horizons, r ± = M ± M 2 − Q 2 . When Q = 0, the potential A µ and the inner horizon vanish, and the BH reduces to a Schwarzschild one.
Massive charged Dirac field in curved spacetime is described by [38] (γ
where µ is the mass of the field, Ψ is the Dirac four-spinor and γ µ are coordinate-dependent Dirac four-matrices, whose components are the functions of spacetime coordinates. The spinor covariant derivatives in Eq.(2) are given by
where q is the charge of the Dirac field, and Γ ν are the spinor connection matrices. The separation of variables of the Dirac equation (2) could be done through several equivalent approaches [39] [40] [41] [42] . Here, following [8, 43] , we employ the canonical orthonormal (symmetric) tetrad for the RN spacetime, and decompose the Dirac four-spinor as
where
, and
(5) Substituting the ansatz (4) and the background metric (1) into the Dirac equation (2) yields the following coupled first-order differential equations
and
where K = ωr 2 − qQr and λ is the separation constant. Solutions of the angular Eqs. (8) and (9) are spinweighted spherical harmonics and the eigenvalues are given by (See [44] for details)
where j is a positive half-integer, i.e. j = 1/2, 3/2, · · · , which denotes the total angular momentum. The orbital angular momentum is characterized by the non-negative integer ℓ = 0, 1, 2, · · · . By the way, the relation between λ and j is given by
It should be noted that Eqs. (6) and (7) can be written as the following second-order form
the form of a Schrödinger-like wave equation
where the new radial function ψ is defined by
and the effective potential is given by
Here, the auxiliary function F (r) is defined by
B. Quasibound states
As is known, quasibound state solutions are ingoing at the horizon, and exponentially decaying at infinity. To obtain such solutions, we solve the radial equations (6) and (7) under appropriate boundary conditions. By doing this, we can pick out a discrete set of complex frequencies, which correspond to the quasibound states of the Dirac field. Here, we express a complex frequency by ω = ω R + iω I . In the limit of small coupling parameters,
the massive charged Dirac field in the RN BH spacetime has the following spectrum [45] 1
where the principal quantum number
and the excitation number n = 0, 1, 2, · · · . From Eq.(19), the binding energy ω R − µ tends to zero in the limit of M µ → qQ. One may also find that Eq. (20) can be written in a simpler form
In next section, we shall use the continued fraction method [46, 47] to calculate the quasibound state frequencies beyond the small parameter regime (18) , where the analytic formula (19) is no longer valid. It is worth noting that, due to the absence of superradiance, no growing modes could be found for Dirac fields around a RN BH.
III. FREQUENCY DOMAIN ANALYSIS
The main problem for solving the coupled equations (6) and (7) via the continued fraction method is that the asymptotic solutions of R 1 and R 2 are different at r + and infinity. Accordingly, we define two new radial functions as
then, the radial equations (6) and (7) become
(24) Close to r + , the "ingoing" solutions behave as
At infinity, the asymptotic solutions of Eqs. (23) and (24) are
Here, we are only interested in quasibound states which decay exponentially at infinity. Thus, we choose Re(k) < 0. Based on the discussions above, solutions of Eqs. (23) and (24) can be expanded as
where U n are two dimensional vectorial coefficients. Substituting the series (30) into Eqs. (23) and (24) leads to a three-term matrix-valued recurrence relation,
Here, α n , β n , γ n are all 2 × 2 matrices and can be expressed, respectively, as
where c 0 , c 1 , c 2 and c 3 are given by
The quasibound frequencies are roots of equation M 0 U 0 = 0, where
with U n+1 = R n U n and
Then, the nontrivial solutions U 0 exist if
For physical accepted solutions, the series expansion (30) should converge at spatial infinity. Thus, we may fix a large truncation order N and initialize R N as an identity matrix 2 . Then, Eq.(41) can be used to construct the matrix M 0 (See [48] for more details). Finally, the quasibound state frequencies are the roots of Eq. (42) , which correspond to the local minimum points of det |M 0 | in a plane spanned by ω R and ω I . Fig.1 shows det |M 0 | as a 2 Equivalently, we require U N+1 = U N . . To obtain the quasibound state frequencies we use a 2D root-finding algorithm. Using this approach, one may easily find that the local minimum in the Fig.1 gives M ω = 0.945159 − 0.398158i, which is the frequency of the fundamental mode.
Due to the spin-orbit coupling, Dirac fields around a BH have a rich spectrum, even for the case in which both the field and BH are neutral. Fig.2 shows the real part ω R (expressed by 1 − ω R /µ in the left panel) and imaginary part ω I (the right panel) of the first few modes, as functions of M µ, for Dirac fields in the Schwarzschild spacetime (Q = 0). In Table I we present some reference frequencies for initial estimations of the root-finding algorithm.
From the left panel of Fig.2 , we see that for small values of M µ, the spectrum of modes with the same value of n = n + j + 1 2 are indistinguishable, and they are in good agreement with the analytic formula Eq.(19) (denoted by black dotted lines in the plot). As M µ increases, the spinorbit coupling begins to affect the quasibound spectrum, resulting in a removal of the degeneracy of the same value ofñ. The dependence of ω I (µ) is simpler. The right panel of Fig.2 shows that the absolute value of ω I decreases as M µ decreases. In the limit of M µ → 0, the value of |ω I | also tends to zero, which means that ultralight Dirac field could be arbitrarily long-lived around a Schwarzschild BH.
We now turn to the case in which both the BH and the Dirac field are electrically charged. Without loss of generality, we assume that the charge of BH is always positive Q > 0. We shall show how the electromagnetic interaction changes the spectrum and how long-lived modes are achieved. Fig.3 shows the effect of field charge q on the quasibound state spectrum. Clearly, more negative field charge corresponds to smaller values of ω R but larger values of |ω I |, which suggests that for positive BH charge, Dirac field with negative charge decays faster than the one with positive charge. More interestingly, for positively charged Dirac field, the value of M µ of the quasibound states is bounded below by M µ min = qQ, which is denoted by the vertical lines in the right panel of Fig.3 . By decreasing M µ close to its minimum value, i.e., M µ qQ, one gets very long-lived modes since the decay rate |ω I | tends to zero rapidly.
IV. TIME DOMAIN ANALYSIS
Massive test fields around a BH can form both quasinormal modes (QNMs) and quasibound states. Generally speaking, QNMs would appear in early times and damp quickly, whereas quasibound states decay on larger time scales. It follows that given generic initial data, quasibound states would dominate the waveform of massive fields around BHs. This is well understood for scalar and Proca fields [3, 14, 22, [49] [50] [51] [52] [53] [54] [55] [56] . Unfortunately, studies of the time evolution for massive Dirac fields are relatively few [5, 8, 57] .
Here, we consider the time evolution of massive charged Dirac fields around a RN BH. From Eqs. (6) and (7), the Dirac wave equations in the time domain can be written in the form
where the tortoise coordinate x = dr r 2 /∆. We use the method of lines with a second-order finite difference stencil for the spatial derivatives, and thirdorder RungeKutta integrator for the time integration. To minimize the boundary reflections, we place the inner boundary very close to the event horizon, typically x = −1000M , and put the outer boundary far away from the BH; furthermore, we suppose that solutions are continuous enough and extrapolate values of R 1 and R 2 at boundary points from the inner points at each time step. In addition, we include a Kreiss-Oliger dissipation to ensure the numerical stability. We choose Gaussian wave packet
as the initial data. The time derivatives of R 1 and R 2 are set to zero initially. For convenience, we set r + = 1 and measure all quantities in terms of r + in the time evolution of the Dirac field. The typical results for the time evolution are presented in Fig.4 , where we plot the waveforms of R 1 and R 2 at a fixed point x o = 80 for different values of σ in the left panels, and plot the corresponding Fourier spectra in the right panels. The left panels show the beating effect of the Dirac field, which has been found for bosonic fields in Kerr spacetime [49] . Although the evolutions of R 1 and R 2 are different at early times and depend strongly on the initial data we choose (See the insets in the left panels of Fig.4) , the beating patterns of them are quite similar at late times of the evolution. As pointed out in [49] , such beating effect results from the interference between several modes with different frequencies. Indeed, from the right panels of Fig.4 , we see that there are several visible peaks in the Fourier spectra which correspond to the dominating modes at late time stages of the evolutions. These peaks coincide with the quasibound state frequencies. Thus we conclude that quasibound states of Dirac fields could be excited by a generic Gaussian initial data and would dominate the waveforms of long-timescale evolutions. However, one may easily observe that the n = 0 state is missing in the Fourier spectrum. This is reasonable because the absolute value of ω I of the n = 0 state is about two orders of magnitude larger than those of higher overtones, which makes the n = 0 mode decay rapidly and disappear in the Fourier spectrum.
We remark that parameters of the results in Fig.4 obey M µ > qQ. In the M µ < qQ regime, no bound states could be excited in time evolutions. In this case, the Dirac field decays at asymptotically late time as [57] Re(R 1,2 ) ∼ t −5/6 sin µt, t → ∞.
This result is confirmed in Fig.5 , where we present the time evolution of the Dirac field with qQ = 1.2M µ.
V. DISCUSSION AND CONCLUSION
We have solved the Dirac equation on the RN background numerically both in frequency and time domain. Our results indicate that quasibound states of massive Dirac fields can only exist in the M µ > qQ regime, and the long-lived modes exist when M µ qQ, although there is no stationary configuration of Dirac field in this background [37] . Here, we shall show that this is actually the necessary condition for the existence of quasibound states. From Eq. (16) , at large distance, the effective potential goes as
Notice that this asymptotic behavior is the same as that of the potential of a massive scalar field in the KerrNewman spacetime to the first order [26] . To support quasibound states, the effective potential must have a trapping well outside the BH, and its asymptotic derivative must be positive, i.e., dV dr → 0 + as r → ∞ [58] . From Eq.(47), the necessary condition for a potential well is given by
Note also that quasibound states decay exponentially at spatial infinity, which are characterized by ω 2 < µ 2 . Thus the necessary condition for the quasibound states is
which suggests that f (µ, q) should be smaller than µ. That is, Simplifying the above inequality leads to the relation M µ > qQ, which is necessary for the existence of quasibound states. Indeed, all the quasibound states we have found obey this relation.
The co-rotating modes of massive Dirac fields around a Kerr BH with the frequency obeying the 'superradiance' condition ω < mΩ H could be very long-lived [8] . However, we shall show that such long-lived modes do not exist for Dirac fields around RN BHs, since the 'superradiance' condition ω < ω c ≡ qQ r +
is incompatible with the quasibound state condition. First, suppose we have a quasibound state in the 'superradiance' regime Eq. (51) for Dirac fields on the RN background. Then, from the bound state condition Eq.(49), we must have f (µ, q) < ω c .
Combining this equation and the definition of f (µ, q) and ω c leads to which is incompatible with the quasibound state condition Eq. (49) . Thus, it is not possible to find quasibound states in the 'superradiance' regime Eq.(51) for massive Dirac fields around RN BHs, let alone long-lived modes.
It would be interesting to study whether the co-rotating modes, with the frequency obeying a 'superradiance' condition, exist for Dirac fields on the Kerr-Newman background. It should be pointed out that in this paper we only treat the Dirac field as a test field in the RN background. It would be more interesting to study the back reaction and the gravitational radiation (and possibly electromagnetic radiation) triggered by the Dirac field. Finally, it is plausible that the long-lived configurations we have found here could be generalized to Fermions with higher spin. All of these possibilities deserve further studies in the future.
